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ABSTRACT
A substantial fraction of our solar system’s trans-Neptunian objects (TNOs) are in mean motion
resonance with Neptune. Many of these objects were likely caught into resonances by planetary
migration—either smooth or stochastic—approximately 4 Gyr ago. Some, however, gravitationally
scattered off of Neptune and became transiently stuck in more recent events. Here, we use numerical
simulations to predict the number of transiently-stuck objects, captured from the current actively
scattering population, that occupy 111 resonances at semimajor axes a =30–100 au. Our source
population is an observationally constrained model of the currently-scattering TNOs. We predict
that, integrated across all resonances at these distances, the current transient sticking population
comprises 40% of total transiently-stuck+scattering TNOs, suggesting that these objects should be
treated as a single population. We compute the relative distribution of transiently-stuck objects
across all p:q resonances with 1/6 ≤ q/p < 1, p < 40, and q < 20, providing predictions for
the population of transient objects with Hr < 8.66 in each resonance. We find that the relative
populations are approximately proportional to each resonance’s libration period and confirm that the
importance of transient sticking increases with semimajor axis in the studied range. We calculate
the expected distribution of libration amplitudes for stuck objects and demonstrate that observational
constraints indicate that both the total number and the amplitude-distribution of 5:2 resonant TNOs
are inconsistent with a population dominated by transient sticking from the current scattering disk.
The 5:2 resonance hence poses a challenge for leading theories of Kuiper belt sculpting.
Keywords: Kuiper belt: general
1. INTRODUCTION
Trans-Neptunian objects (TNOs) in mean motion res-
onance with Neptune provide a unique probe of the
solar system’s early dynamical history. These objects
have been interpreted as evidence of Neptune’s early
migration due to smooth transfer of angular momen-
tum with a remnant planetesimal disk (e.g., Malhotra
1993, 1995; Hahn & Malhotra 2005), high-eccentricity
scattering following a dynamical upheaval event (e.g.,
Levison et al. 2008), or a combination of these processes
(reviewed in Morbidelli et al. 2008; see also Dawson &
Murray-Clay 2012). However, transient sticking—a res-
onance capture mechanism not associated with plane-
tary migration—contributes to the Kuiper belt’s reso-
nant population as well (e.g., Duncan & Levison 1997;
Lykawka & Mukai 2007; Gomes et al. 2008). In this
work, we model the population of resonant TNOs pro-
duced by transient sticking from the solar system’s cur-
rent “scattering disk.”
Transient sticking occurs when members of the scat-
tering disk—objects undergoing repeated scatterings by
Neptune—are temporarily caught into mean motion res-
onance with the planet. Repeated scattering causes the
semimajor axes and eccentricities of scattering disk ob-
jects to random walk. Because this evolution approxi-
mately maintains the objects’ pericenter distance (cor-
responding to regions near the semimajor axis of Nep-
tune, where scatterings occur), on average it increases
a TNO’s semimajor axis until it is distant enough to
be detached by galactic tides, joining the Oort cloud
(e.g., Dones et al. 2004; Gomes et al. 2008). When ob-
jects random walk to semimajor axes corresponding to
mean-motion resonances, they often experience tempo-
rary libration within resonance. Because this transient
sticking rarely produces objects that are tightly bound
within resonances, it is not thought to be the primary
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2production mechanism for the most studied populations
of resonant TNOs—those in the 3:2 and 2:1 resonances.
However, the recent confirmation of an unexpectedly
large population of 5:2 resonant objects (Gladman et al.
2012; Volk et al. 2016), as well as the detection of ob-
jects known to be transient members of Neptune’s dis-
tant resonances (Bannister et al. 2016a; Holman et al.
2018), brings new urgency to the characterization of the
transiently-stuck population.
Neither smooth migration nor dynamical upheaval
models, in their standard forms, predict a large popula-
tion in the 5:2 resonance (e.g., Chiang et al. 2003; Hahn
& Malhotra 2005; Levison et al. 2008), leaving transient
sticking as an alternative standard theory available to
explain their presence. In this work, we use numerical
simulations to model the population of objects produced
by transient sticking in the Kuiper belt’s current actively
scattering population. We note that because some tran-
sient sticking events are in fact long-lived, today’s reso-
nances may contain a population of objects that were
transiently stuck early in the solar system’s lifetime,
when the orbital distribution of the scattering-object
source population may have differed from the popula-
tion today. We do not model this interesting possibility
here, though we refer the reader to several recent stud-
ies that include scattering and resonance capture during
Neptune’s early epoch of migration (Kaib & Sheppard
2016; Nesvorny´ et al. 2016; Pike et al. 2017). We note
that Pike et al. (2017) are able to reproduce a large 5:2
population with a dynamical upheaval model, though
not all resonance populations in their model match ob-
servational constraints.
In this paper, our dual goals are to (1) characterize
the population of transiently-stuck TNOs that should
be excluded from studies of primordial TNO dynamics
and (2) determine whether the 5:2 population is consis-
tent with exclusive emplacement by transient sticking of
the current scattering population. In Section 2 we out-
line the numerical simulations used to investigate res-
onance sticking in the current population of scattering
TNOs. Section 3 outlines the major results from these
simulations. We discuss these results in light of obser-
vations in Section 4 and provide a summary of our main
conclusions in Section 5.
2. METHODS
To determine the orbital distribution of currently reso-
nant objects that may be attributed to transient sticking
from today’s population of scattering TNOs, we perform
a series of numerical simulations. We outline our ini-
tial conditions in Section 2.1. Section 2.2 describes how
simulation output was searched for instances of tem-
porary sticking in Neptune’s mean motion resonances.
We demonstrate consistency across our simulations and
summarize simulation statistics in Section 2.3.
2.1. Initial Conditions: a model of the current
scattering population
We use a model of the current scattering population
(see Gladman et al. 2008 for a detailed definition of this
population) for our initial conditions. Following Alexan-
dersen et al. (2013) and Shankman et al. (2013), we use
initial conditions from a scattering population simulated
in Kaib et al. (2011), with inclinations adjusted to reflect
a dynamically hotter initial disk of particles. This is nec-
essary because the original Kaib et al. (2011) simulations
produced a scattering population with inclinations too
low to match observational constraints (Shankman et al.
2013). The initial inclination distribution for the ac-
tively scattering particles from the modified Kaib et al.
(2011) model is similar to an offset Gaussian (such as
that used by (Gulbis et al. 2010)) with a mean of ∼ 16◦
and a width of ∼ 7◦. Our initial conditions for the sim-
ulations consist of 8500 TNO particles; only particles
whose semimajor axes changed by 1.5 au or more within
the last 10 Myr of the Kaib et al. (2011) model run are
included, as this is how the observed actively scattering
TNO population is defined. Shankman et al. (2016) and
Lawler et al. (2018) found that these initial conditions
provide an adequate representation of the population of
scattering TNOs observed by the Canada France Eclip-
tic Plane Survey (CFEPS Petit et al. 2011), by the Outer
Solar System Origins Survey (OSSOS Bannister et al.
2016b, 2018), and by Alexandersen et al. (2016). We
numerically integrate the orbits of the model scattering
population as massless test particles using the rmvs3
routine in SWIFT (Levison & Duncan 1994) with the
Sun and the four giant planets included as massive bod-
ies. Test particles remain in the simulation until they
collide with a planet or until they reach a heliocentric
distance interior to Jupiter or farther than 1000 au from
the Sun. We only record and analyze test particle be-
havior during their residence in the semimajor axis range
30 < a < 100 au, so the inner and outer boundaries of
the simulations should not affect our results.
We are interested in resonance sticking at all timescales,
from 105 years (a few libration periods for close-in res-
onances) to the age of the solar system. However, the
total population of scattering TNOs has decayed over
time. Figure 1 displays the number of particles with
30 < a < 100 au in a simulation lasting 1 Gyr. Over
this timescale, the population declines to ≈40% of its
initial value. We thus restrict ourselves to 109-year
timescales and treat any remnant resonant TNOs that
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Figure 1. The number of test particles with 30 < a <
100 au as a function of time in our 1 Gyr simulation. The
number declines to ≈40% of its initial value over 1 Gyr.
were “transiently” stuck more than 1 Gyr ago as part of
the primordial (i.e., not modeled) population. We note
that over the course of the 1 Gyr simulation, the peak in-
clination of the test particles in the a = 30−100 au range
shifts up by ∼1◦, with the width of the distribution also
increasing by ∼1◦; the distribution of pericenter dis-
tances also shifts, with the peak increasing from 33.7 au
to 35.2 au. We consider these changes acceptable.
Ideally, we would perform a single, high-time-
resolution simulation covering all resonance sticking
timescales (105 − 109 years). However, as we discuss
in Section 2.2, reliably identifying libration within a
resonance requires a minimum of ∼1000 time points;
saving output from a 109 year simulation at a resolution
of 103 years is very resource intensive both in terms of
required disk space and cpu time for data analysis. We
thus compromised and performed three separate numer-
ical simulations from the same initial conditions to cover
three different total time spans (1.5× 107, 108, and 109
years) at different output frequencies. These are used to
investigate resonance sticking at three timescale ranges:
105−1.5×107 years, 106−108 years, and 107−109 years.
Section 2.3 describes how we normalize and combine the
results of these simulations to analyze the entire range
of resonance sticking timescales we wish to investigate.
2.2. Identifying resonances in the simulations
A mean motion resonance with Neptune occurs when
a TNO’s orbital period is related to Neptune’s orbital
period by a simple integer ratio; this relationship be-
tween orbital periods ensures that conjunctions between
the TNO and Neptune are repeated at specific geomet-
ric arrangements, creating a resonant perturbation on
the TNO’s orbit. We designate Neptune’s exterior reso-
nances as p:q resonances, where p and q are integers ≥ 1
with p > q. Each p:q resonance has several pos-
sible arguments in the disturbing potential that could
affect a TNO’s orbital evolution (see, e.g., Murray &
Dermott 1999). Scattering TNOs typically have large
eccentricities, so the strongest resonant argument for a
given p:q mean motion resonance is the one that involves
the TNO’s eccentricity (etno) and longitude of perihelion
($tno). These arguments have a resonant angle, φ, that
takes the form:
φ = pλtno − qλN − (p− q)$tno (1)
where λtno and λN are the mean longitudes of the TNO
and Neptune. When an object is in resonance, φ will
librate around some stable value (usually, but not al-
ways, 180◦) with an amplitude Aφ (which we define as
half the peak-to-peak amplitude); objects far from reso-
nance will have quickly varying values of φ that explore
the full range from 0 − 360◦. We checked for libration
of φ for all resonances with values of p < 40 and q < 20
in the period ratio range 1/6 ≤ q/p < 1, which cor-
responds to the semimajor axis range 30 < a ≤ 100 au
given Neptune’s semimajor axis aN ≈ 30 au.
The goal of analyzing our numerical simulation data is
to determine if, when, and how long a test particle sticks
to (i.e., experiences libration within) any of these mean
motion resonances. Because transiently-stuck TNOs do
not occupy resonances for the full length of the sim-
ulation, we search for sticks using a series of sliding
windows in time. To avoid spurious resonance identi-
fication, we require identified sticks to contain at least
1000 data points, meaning that the minimum identifi-
able stick length is a factor of 103 longer than the simula-
tion output’s time resolution. For the 1.5×107 year sim-
ulation, we output orbital information every 102 years,
so the minimum window length is 105 years. Our 108
and 109 year simulations had output every 103 and 104
years, corresponding to minimum windows of 106 and
107 years, respectively.
We search for sticks using these running time windows
as follows. First, we check to see if a test particle main-
tains a constant period ratio with Neptune during the
window being considered. The instantaneous period ra-
tio between a TNO and Neptune is fP ≡ (atno/aN )3/2,
where atno is the particle’s osculating semimajor axis.
If a test particle experiences significant changes in or-
bital period (or, equivalently, semimajor axis) within
a time window, then the window is discarded as non-
resonant because the particle is actively gravitationally
scattering; our conservative threshold for a window to
be considered non-resonant due to scattering is defined
as period ratio change ∆fP ≥ 0.2. If a test parti-
cle’s evolution within a window does not display ob-
vious scattering behavior, we use the period ratio to
determine which possible resonances to check for. We
consider a particle to be close to a predicted resonance
4if f¯P ≡ (a¯tno/aN )3/2 = q/p ± 0.1, where a¯tno is the
mean semimajor axis over the time window; this typi-
cally means a¯tno is within ∼ 2.5 au of the nominal res-
onant semimajor axis. For resonant ratios meeting this
requirement, we calculate the corresponding resonance
angle (Equation 1) over the time window and check for
libration. The initial calculation of φ is done such that
φ falls in the range [0, 360◦).
To check for libration in a time window, we calculate
a provisional libration amplitude defined as half the dif-
ference between the mean of the 10 largest φ values the
mean of the 10 smallest φ values. If this provisional
libration amplitude is larger than 175◦, the window is
discarded as non-resonant; a 175◦ threshold provided
the best match between manual and automated reso-
nance identification for a subset of particles which were
examined by eye. For windows with amplitudes con-
sistent with libration, we record the time and which
resonance showed libration. Once a window has been
either discarded or recorded as resonant, the window
slides forward along a test particle’s time series by 10
data points, and the analysis is repeated. This process
continues until the last data point for a test particle is
processed. After all windows for a test particle have
been processed, overlapping windows showing libration
within the same resonance are linked together to iden-
tify continuous sticks. This analysis results in a list of
all the resonances a test particle stuck to during its evo-
lution along with the the starting and ending times of
the libration within each resonance. Figure 2 shows a
test particle from the 108-year simulation with the three
identified resonance sticking events labeled in the top
panel; the bottom panel shows the resonance angle for
the longest-lived sticking event.
For each identified resonance sticking event, we recal-
culate the test particle’s libration amplitude. The libra-
tion amplitude calculated during the resonance identifi-
cation process is not always accurate because the indi-
vidual windows might represent a small portion of the
total sticking time. For sticks that cover at least 2000
data points (twice the length of an individual window in
the identification process), we take the entire time pe-
riod for the stick and divide it into 20 sections. Within
each section, we average the minimum 2% and the max-
imum 2% of the φ values and take half the difference
between these averages to be the libration amplitude for
that section. We then take the median amplitude across
all 20 sections to be the overall libration amplitude for
that individual resonance sticking event. For resonances
that contain fewer than 2000 data points, the process is
the same except that the resonance is only divided into
6 sections; a finer division would result in arbitrarily
smaller libration amplitudes because there would not be
a sufficient number of data points within each section to
accurately determine the minimum and maximum val-
ues of φ. Figure 2 shows an example libration amplitude
calculated using this method.
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Figure 2. Top: evolution of a test particle in the 100 Myr
simulation. The semimajor axis evolution shows three pe-
riods of resonance sticking (red lines). Bottom: resonance
angle evolution for the 11:2 stick identified in the top panel.
The horizontal red line marks the duration of the stick as
identified by our analysis code and the vertical orange line
indicates the identified libration amplitude.
The above procedure readily identifies sticking events
and libration amplitudes for well-behaved libration that
is centered about φ = 180◦, which is the expected cen-
ter for stable libration in most of Neptune’s resonances.
Neptune’s p:1 resonances allow libration about so-called
asymmetric libration centers (see, e.g., Beauge 1994).
The exact centers for asymmetric libration depend on
eccentricity (see, e.g. Nesvorny´ & Roig 2001), but typi-
cally φ librates about ∼ 70◦ or ∼ 290◦. Most asymmet-
ric librators are readily identified using the same proce-
dure as that outlined above for the symmetric librators.
However, in some cases of asymmetric libration, φ passes
through 0◦ over the course of its libration; the proce-
dure outlined above would not identify the portion of
the resonance stick that included passing through φ = 0.
5Because φ = 0 is generally an unstable point in the co-
planar problem for the scattering population, such in-
stances of libration slipping through φ = 0 are typically
very short in duration and limited to higher inclination
objects. We examined the libration behavior for many
known objects and determined that these slips through
φ = 0 are rare and typically so short that our averaging
procedure outlined above would be insensitive to them;
in other cases, our procedure would merely result in the
single stick being split into two separate sticks (divided
in time at the point where the crossing occurs). We
note that at very high eccentricities, stable libration in
resonance is theoretically possible around φ = 0 (see,
Wang & Malhotra 2017; Malhotra et al. 2018); however
for Neptune’s resonances, this stable zone occurs at very
high, deeply planet-crossing eccentricities, which should
result in only very short sticks. Malhotra et al. (2018),
for example, note an observed TNO that is experiencing
a temporary stick around φ = 0 in Neptune’s 5:2 res-
onance. The stick lasts only ∼ 5 × 104 years, which is
below our minimum stick length threshold. Thus we ex-
pect that such sticking events only very minimally con-
tribute to the time-averaged resonant population.
Calculation of libration amplitudes for p:1 resonances
is also affected by the presence of the asymmetric li-
bration centers. Asymmetric libration occurs during a
significant fraction of sticks in p:1 resonances. However,
because transient sticks to p:1 resonances often involve
transitions between the two asymmetric islands and be-
tween symmetric and asymmetric libration, our libra-
tion amplitude procedure is not sufficiently accurate for
p:1 objects. A more accurate calculation of these ampli-
tudes could be accomplished by splitting p:1 sticks into a
series of mini-sticks to each of the libration islands, each
with a separately calculated libration amplitude. For
this work, however, we simply note that the measured
libration amplitude distribution for p:1 objects should be
interpreted with caution. Our procedure often identifies
sticks that quickly switch between asymmetric islands
as symmetric librators, and a small minority of quickly-
transitioning sticks are assigned libration amplitudes in-
termediate between the asymmetric and symmetric val-
ues (c.f. Figure 8).
2.3. Simulation matching and stick statistics
To investigate the full range of stick timescales from
105−109 years, we must combine our results by applying
a weighting factor for each stick from each simulation.
First, we must adjust for the total length of each sim-
ulation (shorter simulations produce fewer sticks sim-
ply because they are shorter). Second, as the resonance
sticking population is constantly perturbed by the gas
giants, objects tend to move out of our range of inter-
est, and our simulated population declines over time as
shown in Figure 1. The scattered population declines
by ≈15% in the 100 Myr and ≈60% in the 1 Gyr sim-
ulations, so we must correct for the changing number
of objects available for sticking. Finally, some sticking
timescales are covered in more than one simulation, and
we do not want to over-count. The weighting factor thus
has three components:
1. A factor of 1Gyr/tsim, where tsim is the total
length of the simulation from which the stick is
drawn. This corrects for the total simulation
length.
2. A factor of (Trange,15Myr/Trange,sim)(tsim/15Myr),
where Trange,sim is the total amount of time spent
by particles in the range 30-100au in the stick’s
simulation, and Trange,15Myr is the same number
for the 15 Myr simulation. This corrects for the
decline in the number of objects available for stick-
ing. We use the 15 Myr simulation for reference
because it experiences the smallest decline, and
we have scaled our total population to the total
population observed today.
3. When simulations are combined, a factor of one
divided by the number of simulations in which the
stick’s timescale is included. This prevents double-
counting. This factor is omitted when simulations
are analyzed separately.
We note that factor number 2 is an improvement over
simply multiplying by the percentage decline in the
number of objects in each simulation since it takes into
account the smoothly varying loss of particles over time.
Table 1 summarizes the number of sticking events
found in each simulation for various stick length ranges;
we list both the recorded number of sticks as well as the
normalized number of sticks calculated using the method
described above. The top panel in Figure 3 displays the
normalized number of resonance sticks as a function of
stick duration. The bottom panel in Figure 3 recom-
putes this distribution with each stick weighted by its
duration, yielding the total combined time spent by ob-
jects in resonance in each stick timescale bin. This total
simulated sticking time is proportional to the likelihood
of finding an object in resonance at a given snapshot
in time (e.g., today), given the, in this case reasonable,
assumption that sticks may be approximated as statis-
tically random and uncorrelated.
Statistics in the overlapping regions of Figure 3 match
on a reasonable level in both overlap regions. Hence, it
is acceptable to patch our three simulations together
6Table 1. Number of simulated particles experiencing sticking at 30 < a < 100 au
simulation unique particles number of sticks
minimum stick in a with ≥ 1 stick
id length (yr) resolution (yr) range stick timescale (yr) absolute normalized
1 1.5×107 105 3393 2465 105–106 22493 1499533
106–107 1544 51467
(1–1.5)×107 52 1156
2 108 106 4087 2629 106–107 10453 56719
107–108 895 4209
3 109 107 5126 2310 107–108 6646 4886
108–109 437 733
Note—All simulations began with 8500 scattering test particles (see Section 2.1 for a description of their initial conditions). The number
of unique particles in range refers to the number of those 8500 test particles that enter the range 30 < a < 100 au at any time during the
simulation. The number of sticks identified in each of our three simulations is given as a function of the stick timescale. The absolute
number of sticks is given as well as the number normalized to account for the overall simulation length and test particles loss (described
in Section 2.3 and shown in Figure 3).
to obtain the stick distribution across all considered
timescales. We note that for stick timescales approach-
ing 1 Gyr, the number of sticks in our simulations be-
comes small and thus susceptible to notable Poisson er-
rors. The additional variability and fall-off in cumula-
tive resonance time near 109 years in Figure 3 are likely
due to small-number statistics. We also note that the
largest stick-duration bin, which includes particles that
remained in resonance at the very end of the simulation,
does not contain a substantial excess of particles.
3. RESULTS
We find that a significant fraction of the scattering
population is transiently stuck in resonances at any
given time (Section 3.1). After presenting our predic-
tions for the relative population in each resonance, we
discuss the distribution of transiently-stuck TNOs across
different resonances (Section 3.2). We investigate the li-
bration amplitude distributions for these objects in Sec-
tion 3.3. In some cases, these population distributions
depend on the duration of resonance sticks considered,
and we comment on these differences in Section 3.4. Sec-
tion 4 presents results specific to the 3:2, 2:1, and 5:2
resonances, where many observed objects are found.
3.1. Total Population of Transiently-Stuck Resonant
Objects
Since our simulated scattering+transiently-stuck pop-
ulation is in pseudo-steady state, the time-weighted per-
centage of simulated objects with semi-major axes be-
tween 30 and 100 au that are in each dynamical class
(i.e., in a resonance or non-resonant) corresponds to the
fraction of the scattering+transiently stuck population
that is currently in that dynamical class. (Recall that
our initial conditions are consistent with the orbital dis-
tribution of the currently observed non-resonant scatter-
ing population.) To calculate these time-weighted per-
centages, we sum the cumulative stick times in each res-
onance, weighted for each simulation and stick timescale
as described in Section 2.3, then divide by the total nor-
malized time spent by simulated particles in the range
30-100au, Trange,15Myr(1Gyr/15Myr).
Using this procedure, we find that the fraction of
the scattering+transiently-stuck population that is cur-
rently in resonance is ∼ 0.4; the right-most column in
Table 2 gives this fraction for the entire a = 30−100 au
population, as well as the fraction for each resonance
identified in our simulations. Table 2 also lists the time-
weighted resonant fractions for each of our three sim-
ulations (where each stick is time weighted, but there
is no normalization to account for the different simula-
tion lengths or the effects of population decay). We note
that the time-weighted resonant fraction for simulation
1 (our 15 Myr simulation) is 0.25, while the fraction
is 0.17 for simulation 3 (our 1 Gyr simulation). These
two simulations barely overlap in terms of the resonance
stick resolution, which is why the combined, normalized
time-weighted resonance fraction for all of our simula-
tions is very roughly the sum of these two fractions. A
comparison of the three simulation (and stick resolution)
timescales tells us that short sticks dominate the tran-
sient sticking population in number but only marginally
in total time in resonance. This can also be seen from
Figure 3. Thus, perhaps counter-intuitively, we predict
that the likelihood of observing a transiently-stuck ob-
ject that is expected to stay in resonance for ∼1 Gyr
is similar to the likelihood of observing an transiently-
stuck object that is unstable on a short timescale.
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8We note that more than half of the scattering disk test
particles that visit the semimajor axis range 30-100 au
experience at least one sticking event in our 1.5 × 107-
year simulation and approaching half experience at least
one longer-duration sticking event in our 109-year sim-
ulation (see Table 1). In fact, the scattering population
and the transiently-stuck population should be consid-
ered a single dynamical population. This means that
their size distributions, colors, etc. should be the same
and that we may be able to use the physical properties of
the scattering disk to identify transiently-stuck objects
within resonances.
3.2. Relative Populations Across Resonances
Table 2 breaks down our prediction for the fraction
of the scattering+transiently-stuck population into the
fraction in each individual resonance. Figures 4 and 5
show the total time spent by test particles sticking to
resonances as a function of p and q separately and of
the resonance ratio p/q, respectively. This total time
is summed across all particles in our three simulations
using the normalization procedure described in Section
2.3. For any two resonances, the ratio between the “total
sticking time” calculated for each population represents
the relative likelihood of finding an object stuck to those
two resonances at a snapshot in time (e.g., today).
The time-weighted fractions shown in Figure 4 give
us confidence that our resonance search (described in
Section 2.2) identified all of the most important p:q res-
onances in the range 30 < a ≤ 100 au. While there
are an infinite number of possible p:q pairs in the period
ratio range 1/6 ≤ p/q < 1, we imposed limits of q < 20
and p < 40. Figure 4 shows that the largest q value for
which we detected any resonance sticking was q = 18,
well within our imposed limit. It is also clear that the
time-weighted fraction of the stuck population for this
period ratio range decreases as p approaches our limit
of p < 40; thus any potential p:q resonances that fell
outside our allowed range of p are likely unimportant.
Structure is evident in the distribution displayed in
Figure 5. First, as reported in Lykawka & Mukai (2007),
resonances with smaller values of q have larger predicted
transiently-stuck populations; in particular, the p:1 reso-
nances are the stickiest. We display this result explicitly
in Figure 6, which shows the normalized total particle
time spent in resonance as a function of q. For each
value of q, we sum the normalized stick times (as de-
scribed in Section 2.3) for all p:q resonances with iden-
tified sticks and then divide by the number of p:q res-
onances included in our resonance identification proce-
dure (described in Section 2.2) to determine the average
amount of time spent per resonance as a function of q;
for example, we checked for five possible resonances in
our q = 1 bin (the 2:1 through 6:1 resonances), so the
sum of the normalized stick times for that bin is divided
by five. Each bin is then normalized by the q = 1 bin.
From Figure 6 we see that resonance stickiness clearly
decreases as q increases (from p:1 to p:2 to p:3 and so on).
This is similar to the trend found by Lykawka & Mukai
(2007) (see their Figure 2). Given that relative stickiness
appears to be a function of q, all subsequent discussion
will focus on using q to characterize the transient pop-
ulation instead of the commonly-used resonance order
(p− q).
Second, at fixed q, the total particle-time in resonance
increases for larger p/q, which corresponds to larger or-
bital periods (as also reported in Lykawka & Mukai
2007). This trend is most obvious for the p:1 resonances.
In Figure 5, we show that this increase in stickiness with
orbital period persists even when normalized to the local
Keplerian orbital period for each resonance, (p/q)PN ,
where PN is the orbital period of Neptune.
The combined dependence of total particle-time on q
and on orbital period produces a distinctive pattern in
Figure 5. We suggest that this number comes from a
combination of the distribution of semi-major axes for
source particles in the scattering population and the res-
onance libration period in each resonance. This sugges-
tion arises from the fact that the number of objects in
resonance is proportional to the likelihood that an object
sticks to the resonance (which is in turn proportional to
the number of objects available for sticking) as well as
to the time that each stuck object spends in resonance.
-The density of objects available for sticking comes
from the scattering population from which transiently-
stuck objects are drawn. Because these particles expe-
rience a random walk in angular momentum with kicks
occurring at a roughly fixed pericenter distance, the typ-
ical time for a scattering object to pass through semi-
major axis a is proportional to v2pP , where the pericenter
velocity vp ∝ a at large eccentricity and the orbital pe-
riod P ∝ a3/2 (the factor vp comes from the random
walk due to velocity kicks at pericenter, and the factor
P comes from the time between kicks). Thus, the num-
ber of objects in the steady-state scattering population
is roughly proportional to a7/2. We have confirmed that
the model of the scattering population from which we
draw our initial conditions satisfies this expression in the
region 30 < a < 100 au.
Since the instantaneous stability to perturbations of a
resonant orbit is typically a function of where the par-
ticle is in its libration cycle, it is reasonable to suggest
that a typical timescale of a transient stick is measured
in resonance libration periods. Figure 7 displays the
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Figure 3. Normalized number of resonance sticks (top) and cumulative time spent in resonance (bottom) for all test particles
as a function of the duration of a single stick. The cumulative resonance time is proportional to the likelihood of observing a
resonant object at a snapshot in time (e.g., today) as a function of stick duration. Histogram counts are calculated for log bins
in stick time spaced 0.04 apart. Results from Simulations 1 (black), 2 (red), and 3 (gray; see Table 1 for simulation parameters)
are shown separately as bars; each simulation is individually normalized using steps 1 and 2 as described in Section 2.3. The
thin black line shows the result of combining all three simulations by following steps 1-3 in Section 2.3.
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Figure 4. Map of the p:q resonances checked by our res-
onance identification procedure (Section 2.2). The colored
boxes represent resonances with identified sticks, color coded
by the fraction of the total normalized stick times spent in
that resonance (sticks from the three simulations in Table
1 are combined using the normalization method described
in Section 2.3). Black crosses indicate resonances that were
checked but had no sticks identified. Gaps occur where p/q
is the same as that of a lower-order resonance. The black
solid lines indicate the period ratio range we considered.
libration periods for resonances up to 4th order in the
region 30-50au, estimated using the analytic expressions
provided in Murray & Dermott (1999). The libration pe-
riod is calculated using the the lowest-order resonance
for each ratio p/q. Because stuck objects are drawn from
the scattered population, we evaluate these expressions
using eccentricity e = 1 − (q/p)2/3, which corresponds
to an orbit with pericenter at the semi-major axis of
Neptune. (Scattered objects typically have pericenter
distances larger than aN by several au—our choice for e
maintains simplicity while capturing the salient features
in Figure 7.) Unfortunately, the structure in Figure 5 is
clearest and least subject to small-number statistics for
resonances of order >4, while the expansions provided in
Murray & Dermott (1999) are available only up to 4th
order, so we cannot directly confirm that total stick-
ing times are proportional to libration period simply by
normalizing our simulation results to the analytic esti-
mates. However, the pattern in Figure 7 matches that in
Figure 5 qualitatively well. Libration periods are longer
for resonances with lower values of q, producing the dis-
tinctive nested-triangle pattern present in both plots.
Putting these two considerations together, we inter-
pret the structure in Figure 5 as proportional to the
number of source objects at each semi-major axis (set by
the scattering population) and to the resonance libration
period in each resonance (due to the stick timescale).
This interpretation is consistent with the fact that a
plot (not shown) analogous to Figure 5 but showing
stick number rather than total stick times yields a much
flatter distribution for adjacent resonances and has an
envelope well-fit by the function a7/2. More detailed
modeling may yield additional, more subtle, dependen-
cies due to variations in the source population density
in phase space compared to the phase space volume of
each resonance.
3.3. Libration Amplitude Distributions
Next, we examine the libration amplitude distribu-
tion for transiently-stuck particles. Figure 8 displays
the fractional number of sticking events (top panels) and
the time-weighted fraction of events (bottom panels) as
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Figure 5. Total time spent by test particles in p : q resonances in the range 30-100 au as a function of resonance ratio (p/q).
Sticks from the three simulations in Table 1 are combined using the normalization method described in Section 2.3. Total
simulated particle time in Gyr (top) is proportional to the number of particles predicted to be each resonance at a snapshot in
time (e.g., today). Even when scaled to each resonance’s orbital period (bottom), the total time spent by particles in resonance
is generally larger for more distant resonances with the same value of q. We suggest that the pattern evident in this figure
results from total stick times proportional to the libration period in each resonance (c.f. Figure 7).
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Figure 6. Normalized total duration of resonance sticking
events per p:q resonance as a function of q. Results from the
three simulations in Table 1 are combined using the normal-
ization described in Section 2.3. For each value of q, the total
time for all p:q sticking events is divided by the the number of
different possible values of p in the range 30-100 au included
in our resonance identification procedure (see Section 2.2);
the y-axis scale is normalized to the total time spent per p:1
resonance.
a function of libration amplitude. Data from the three
simulations in Table 1 are combined using the normal-
ization method in Section 2.3. To build up statistics,
we combine events from multiple resonances. The solid
black lines overplotted on the histograms provide kernel
density estimates to mitigate the impact of our choice
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Figure 7. Analytic estimates of the resonant libration pe-
riod as a function of resonance ratio, p/q, for resonances
with order p − q ≤ 4. Libration periods are calculated us-
ing expressions from Murray & Dermott (1999). Note, there
are many resonances for which we identified sticks that are
not included in this plot due to the limited expansion of the
disturbing function.
of bin size. Because p:1 resonances exhibit asymmetric
libration, we separate p:1 resonances (left panels) from
all other resonances (right panels). The possibility of
asymmetric libration produces two peaks in the p:1 dis-
tribution. We note that the small number of sticks mid-
way between the two peaks is likely an artifact of our
averaging method for computing the libration period,
resulting from sticks that jump between symmetric and
asymmetric libration rather than from sticks that con-
sistently exhibit intermediate libration periods.
11
0 30 60 90 120 150 180
libration amplitude (deg)
0.00
0.01
0.02
0.03
0.04
0.05
st
ick
 fr
ac
tio
n
all p:1 resonances
0 30 60 90 120 150 180
libration amplitude (deg)
0.00
0.01
0.02
0.03
0.04
0.05
tim
e-
we
ig
ht
ed
 fr
ac
tio
n
0 30 60 90 120 150 180
libration amplitude (deg)
0.000
0.005
0.010
0.015
st
ick
 fr
ac
tio
n
all other p:q resonances
0 30 60 90 120 150 180
libration amplitude (deg)
0.000
0.005
0.010
0.015
tim
e-
we
ig
ht
ed
 fr
ac
tio
n
Figure 8. Distribution of the number of sticking events in the simulations as a function of libration amplitude (top panels) and
the time-weighted fraction of sticking events as a function of libration amplitude (bottom panels). We separated p:1 resonances
(left panels) from the rest of the resonances (right panels) to show the bimodal nature of the p:1 libration amplitude distribution
due to the existence of both symmetric and asymmetric libration islands. The gray histograms are the binned results of all three
simulations (combined using the normalization method described in Section 2.3), and the solid black lines are kernel density
estimates for the same data. Histograms are normalized such that the area under each curve adds to 1.
Resonances with q > 1, in contrast exhibit a single
broad peak in libration amplitude, strongly skewed to-
ward values in excess of 90 degrees. The breadth of the
peak in Figure 8 comes in part from the wide range of
resonances included in the average. As shown in Figure
9, libration amplitudes are generally smaller for sticks
with larger values of q. Figure 9 displays this depen-
dence on q in two ways: we plot the most probable
amplitude (analogous to the peak in the kernel density
estimates in Figure 8) as dots and the middle 68.3%
(1-σ) of the libration amplitudes as vertical bars. For
resonances with q < 5, smaller q corresponds to larger
typical libration amplitude.
Figure 9 provides typical libration amplitudes both
per stick (red) and for our time-averaged population
(i.e., by total stick time in the simulation; black). The
time-averaged results skew to lower libration amplitudes
because, in general, sticks with lower libration ampli-
tudes are longer-lived (we have verified this directly
by plotting average stick times as a function of libra-
tion amplitude; not shown). This effect is particularly
pronounced for the p:1 resonances, for which objects
in the asymmetric islands, which are longer-lived than
symmetric librators, have much smaller libration am-
plitudes. In Section 4, we provide libration amplitude
distributions for a few resonances of particular observa-
tional interest.
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Figure 9. The most probable amplitude (dots) and mid-
dle 1-σ portion of the amplitude distribution for individual
sticking events by number (red) and for the time-weighted
resonance sticking population (black) in p:q resonances from
30-100 au as a function of q. We plot only values of q for
which at least ∼ 1000 sticks were recorded. The very wide
range of amplitudes for the time-averaged p:1 population is
due to the longer-lived nature of the low-amplitude sticks
in the asymmetric p:1 islands (see Figure 8). The sticking
amplitude appears to be be inversely related to q.
12
3.4. Differences Between the Three Simulation
Timescales
We have explained that the difference between the
number-weighted and time-weighted amplitude distri-
butions in Figure 9 results from an inverse correlation
between the amplitude of libration for a resonance stick
and the stick’s duration. If so, the most probable am-
plitude should be different for our different simulation
time scales. We verify this difference in Figure 10, which
is analogous to Figure 9 but displays only the time-
averaged most probable amplitude for clarity. Sticks
that occur in the longest simulation (which have on av-
erage the longest sticking timescales) typically occur at
lower libration amplitudes.
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Figure 10. The time-weighted most probable amplitude
of resonance sticking in p:q resonances from 30-100au as a
function of q (compare with the black dots in Figure 9). From
top to bottom (blue, green and red), the lines represent data
from the 15 Myr, 100 Myr, and 1Gyr simulations. For each
simulation we include only values of q for which ∼ 1000 sticks
were recorded. At each q, amplitudes are smaller for longer
simulations (which measure longer stick timescales).
This difference in stick duration and hence typical
libration amplitude generates subtle differences in the
distribution across resonances for our three simulation
timescales. Figure 11 provides the same information
displayed in Figure 5, but separated into results for
the simulations in Table 1. The same normalization is
used as for Figure 5, except that the overlapping re-
gions are counted fully in each panel, and we omit sticks
lasting more than 107 years from Simulation 1 so that
each panel covers the same number of log bins in stick
timescale.
Figure 11 demonstrates that p:1 resonances are most
prominent for long stick timescales. In contrast, short
stick timescales dominate high-q resonances. The struc-
ture between each p:1 resonance becomes less and less
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Figure 11. The same as Figure 5, separated into results
for the 15Myr (top), 100Myr (middle), and 1Gyr (bottom)
simulations. Stick timescales greater than 10Myr are omitted
from the top panel so that each panel shows the same number
of log bins in stick timescale. Normalization is as in Figure
5 except that overlapping stick timescales are counted fully
in each plot.
dense—hosting fewer sticks with large q values—as the
measured stick timescale increases.
We note that changing the maximum libration ampli-
tude for which we will consider test particles in the simu-
lations to be resonant from our fiducial 175◦ to a smaller
value can impact the inferred relative resonance popu-
lations. This is particularly true for the p:1 resonant
populations. From Figure 8, it’s clear that a maximum
libration amplitude cut even as low as 150− 160◦ would
only minimally impact the number of sticks detected for
the non p:1 resonances; a cut at 160◦ would eliminate
only ∼10% of all sticks and ∼5% of the time-weighted
population in these resonances. In contrast, such a cut
would eliminate ∼70% of the p:1 sticks and ∼50% of the
time-weighted p:1 populations. Even shifting the max-
imum libration amplitude from 175◦ to 170◦ would re-
duce the time-weighted p:1 population by ∼ 10%. This
has important implications for the comparison of our es-
timated stuck populations to observational constraints;
if the maximum libration cut used to dynamically clas-
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sify the observed objects is very different from our cut,
then the predicted stuck population should be appropri-
ately adjusted. Another factor to consider is that real
objects have observational uncertainties associated with
their observed orbits and thus with their dynamical clas-
sifications. Real objects with large libration amplitudes
that are currently near the edges of resonances might be
mis-classified as non-resonant if their orbits are not well
enough determined.
4. DISCUSSION AND COMPARISON TO
OBSERVATIONS
For use in comparison with observations, we provide
explicit predictions in Section 4.1 for the number of ob-
jects with Hr < 8.66 currently transiently-stuck in all
of the resonances identified in our simulations, and we
compare these to observationally derived population es-
timates in the literature. In Section 4.2, we also discuss
the libration amplitude distributions for objects tran-
siently stuck in the 3:2, 2:1, and 5:2 resonances. The
observational constraints discussed below indicate that
these resonances are not dominated by transiently stuck
objects (consistent with theoretical expectations for the
3:2 and 2:1 resonances), but we discuss how the libra-
tion amplitudes of transiently stuck objects might be
used to help identify transient interlopers in resonances
dominated by presumably primordial populations.
4.1. Predictions for the transient resonance
populations
In Table 3, we translate the fractional resonance pop-
ulations from Table 2 into predictions for the number
of transiently-stuck objects with Hr < 8.66 currently
in each resonance. To generate these predictions, we
use the constraints on the scattering population from
the Outer Solar System Origins Survey (Bannister et al.
2016b, 2018). Based on the number scattering objects
detected in this survey, Lawler et al. (2018) estimate
that there are 1.1 ± 0.2 × 104 scattering objects with
Hr < 8.66 and semimajor axes in the range 30-100 au.
Producing this estimate relies on assuming a model for
the true orbital and H magnitude distribution of the
scattering population. Lawler et al. (2018) uses the
same Kaib et al. (2011) orbital model, modified as in
Shankman et al. (2013) to account for the larger orbital
inclinations in the observed population compared to the
model. This is the same orbital distribution we take
as our simulation initial conditions (Section 2.1), so the
Lawler et al. (2018) scattering population estimate will
produce self-consistent predictions for our resonant pop-
ulations. The population estimate above is for a divot
model of the H magnitude distribution, but because we
use an H magnitude cut Hr < 8.66, the scattering pop-
ulation estimate is not very sensitive to this choice of a
divot instead of a knee in the H magnitude distribution
(see Table 1 in Lawler et al. 2018, where the difference
in the total scattering population with Hr < 8.66 for a
divot vs a knee is only ∼ 10%, smaller than the popula-
tion uncertainty).
To use this scattering population estimate for our
predictions, we must also translate our fractional res-
onance populations from Table 2 from fractions rela-
tive to the scattering+stuck population to those rela-
tive to just the scattering population. The entire tran-
siently stuck resonant population represents ∼ 40% of
the scattering+stuck population, which translates to the
stuck population being ∼ 68% of the number of scatter-
ing objects. For our population above, this means we
expect ∼ 7400 transiently stuck resonant objects with
Hr < 8.66 from a = 30 − 100 au. For each individual
resonance, we then calculate its fractional contribution
to the overall resonant population to produce the indi-
vidual population estimates in Table 3.
The predicted stuck populations for the 3:2, 2:1, and
5:2 resonances are very low, of order a few tens of ob-
jects per resonance. For comparison, Volk et al. (2016)
estimate that there are 8000+4700−4000 3:2 objects, 5700
+7300
−4000
5:2 objects, and 5200+900−4000 2:1 objects with Hr < 8.66
based on an analysis of the detections in the first quar-
ter of the Outer Solar System Origins Survey (Bannister
et al. 2016b). Earlier population estimates for these res-
onances based on the Deep Ecliptic Survey are slightly
smaller (Adams et al. 2014), although still significantly
larger than our predictions for the stuck population. It
is thus clear that transient sticking from the actively
scattering population is not a viable explanation for the
unexpectedly large population of 5:2 objects.
Population estimates are available in the literature for
several other resonances that may host significant tran-
sient sticking populations. Alexandersen et al. (2016)
provided lower limits on the 3:1 and 4:1 populations
based on observations, finding that they contain > 1100
and > 24 objects with Hr < 8.66, respectively. Pike
et al. (2015) find > 104 objects in the 5:1, when extrap-
olated to the same magnitude limit using the method
described in Volk et al. (2018). Volk et al. (2018) es-
timate a population of > 4000 objects in the 9:1 with
Hr < 8.66 based on two detections. These estimates
exceed our population predictions for both the 3:1 and
5:1 resonances by factors that, though less than that
for the 5:2, are quite large. We note that the disagree-
ment between our predicted 5:1 population and the ob-
servational population estimate is particularly interest-
ing given that Pike et al. (2015) report that the four
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Table 3. Summary of normalized transient resonance fractions and predicted absolute transient sticking
populations for the range 30 < a < 100 au
resonance semimajor fraction of scattering+ fraction of stuck fraction of scattering approximate
axis stuck population population population predicted number
a (au) fs+r fr fs with Hr < 8.66
all 30–100 0.403 1.0 0.676 7434
2:1 47.7 3.55× 10−3 8.81× 10−3 5.95× 10−3 65
3:1 62.5 9.56× 10−3 2.37× 10−2 1.60× 10−2 176
4:1 75.8 1.44× 10−2 3.57× 10−2 2.42× 10−2 266
5:1 87.9 2.60× 10−2 6.46× 10−2 4.36× 10−2 480
6:1 99.2 4.21× 10−2 1.04× 10−1 7.06× 10−2 777
3:2 39.4 9.30× 10−4 2.31× 10−3 1.56× 10−3 17
5:2 55.4 2.12× 10−3 5.27× 10−3 3.56× 10−3 39
...
...
...
...
...
...
Note—For all the resonances combined, the stuck population represents fs+r/(1− fs+r) = 0.676 of the scattering
population in the range 30 < a < 100 au. For each individual resonance, the stuck population in that resonance
then represents fr × 0.676 of the scattering population. We have translated the predicted fraction of resonant
objects to an actual number of objects based on the Lawler et al. (2018) estimate that there are (1.1± 0.2)× 104
actively scattering objects with 30 < 1 < 100 au based on the results of the Outer Solar System Origins Survey
(Bannister et al. 2016b, 2018) ; all predictions should be assumed to have an uncertainty of ∼ 20% due to the
observational uncertainty on the scattering population estimate. We list only resonances of note here; the entire
table is available as a machine readable file.
detected 5:1 objects appear to be unstable, leaving the
resonance on ∼ 107 year timescales.
However, comparing our predictions to observations
on an individual resonance-by-resonance basis may lead
to spurious results—those resonances that happen to
have detections will be interpreted as having large popu-
lations. A more robust comparison for resonances with
small numbers of observed objects would be to model
the scattering+transient sticking population as a whole,
which requires careful analysis of a well-characterized
survey like the the Outer Solar System Origins Survey
(Bannister et al. 2018). We leave this—and the ques-
tion of whether many distant resonances contain large
non-transient populations—for future work.
4.2. The 3:2, 2:1, and 5:2 resonances
Because the 3:2, 2:1, and 5:2 resonances currently
host the most observed TNOs and are hence the most
promising resonances within which to measure the libra-
tion amplitude distribution observationally, we provide
a separate discussion for these resonances here. Even
in resonances for which other dynamical mechanisms
likely produced the majority of the resonance popula-
tion, transient sticking nevertheless occurs. Transiently-
stuck interlopers should have a distribution of physical
properties (such as photometric colors and binary frac-
tion) that matches the scattering population. They can
also be dynamically distinguished by their distribution
of libration amplitudes. In practice, a combination of li-
bration amplitudes and physical properties will be most
convincing.
In order to accumulate sufficient statistics to plot the
libration amplitude distributions for these resonances in-
dividually, we perform a fourth simulation. We use the
same initial conditions and simulation setup used for all
simulations in Table 1, but run for a full 100Myr with
the short output cadence used in Simulation 1. In or-
der to make the amount of output data manageable, we
limit this simulation to output in the range 30-60 au,
which covers the three resonances of interest. During
the 100 Myr of this simulation, a total of 11617 tran-
sient sticking events were observed: 566 of them are 5:2
resonances, 355 of them are 3:2 resonances, and 829 of
them are 2:1 resonances. To account for long-duration
sticks, we combine our results with sticks from Simula-
tion 3 in Table 1 in a manner analogous to that described
in Section 2.3.
In Figure 12, we show the resulting time-weighted
distribution of libration amplitudes for the 3:2 (top),
2:1 (middle), and 5:2 (bottom) resonances. As in Fig-
ure 8, the solid lines provide kernel density estimates for
the same data displayed in the histograms. Because the
number of sticks included in these plots are low enough
that small number statistics may notably affect our re-
sults, we plot error bars for each histogram bin. We
bootstrap the error bars by drawing a total number of
particles equal to that in the simulation from all simu-
lation particles, with replacement, and recomputing the
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Figure 12. The normalized, time-weighted amplitude dis-
tributions for the 3:2, 5:2, and 2:1 resonances in the high
resolution 100 Myr simulation combined with the 1 Gyr sim-
ulation.
histogram. We repeat this procedure 1000 times and
plot the rms variation of the resulting histogram heights
as our error range in Figure 12
It is clear that all three resonances have their most
probable amplitude around or in excess of 150◦. Com-
paring with Figure 8, the 2:1 distribution is similar to
the overall p:1 distribution, with a slightly higher rep-
resentation of symmetric librators. The 3:2 and 5:2 dis-
tributions, however, show features that are smoothed
over in the bottom-right panel of Figure 8. The 3:2 dis-
tribution exhibits two peaks, perhaps due to variations
resulting from some objects simultaneously occupying a
Kozai resonance within the 3:2.
The 5:2 plot also exhibits a wide knee at amplitudes
substantially smaller than its peak. The wiggles in this
knee are the result of small number statistics—they arise
from a few very long sticks. When restricted to stick
timescales less than 10Myr (not shown), the 5:2 libra-
tion amplitude distribution shows a single, well-behaved
knee. We nevertheless include the long timescale sticks
in our plot because the lower-libration-amplitude com-
ponent of the distribution is underestimated when they
are omitted. Compared to the 5:2, the 3:2 resonance has
a tail of low-amplitude librators extending to smaller
amplitudes, and the fraction of objects with libration
amplitudes less than 150◦ is larger.
Figure 13 provides the time-weighted, cumulative li-
bration amplitude distribution for all p:2 resonances in
the three simulations in Table 1 compared to the cu-
mulative plot of the 5:2 and 3:2 libration amplitude
distributions from Figure 12. The libration amplitude
distribution for all of p:2 resonances combined contains
very few objects with amplitudes below 90◦, smoothly
increases from 90 − 140◦, has a broad peak, and then
drops off to 175◦.
We comment that Bannister et al. (2016a) report the
discovery of one 9:2 object, and their integrations of
its observationally-determined orbit indicate that it will
leave the 9:2 on ∼100 Myr timescales. Its libration am-
plitude of 110◦ is consistent with our transient sticking
results.
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Figure 13. The cumulative time-weighted libration ampli-
tude distributions for all the p:2 resonances from the three
simulations (normalized) and for the 5:2 and 3:2 resonances
from the high-resolution 100 Myr simulation combined with
the 1 Gyr simulation.
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4.3. Comparison with Observations in the 5:2
The sky locations accessible to an object in resonance
depends on its libration amplitude. Hence, a robust
comparison between our data and the observed libra-
tion amplitude distribution in a resonance requires a
well-characterized survey for which biases induced by
pointing choices can be modeled. The full dataset from
the Outer Solar System Origins Survey (Bannister et al.
2018) provides an ideal opportunity for such a compar-
ison, and we leave this exercise for future work.
Even without a full analysis, however, we can demon-
strate that objects discovered during the first quar-
ter of this survey do not appear consistent with our
model of the current transiently-stuck population. Four
5:2 objects were discovered during the first quarter of
the Outer Solar System Origins Survey, with libration
amplitudes of 62, 81, 88, and 122 degrees (Bannister
et al. 2016b; Volk et al. 2016). Figure 13 displays
our simulated cumulative time-weighted libration am-
plitude distributions for the 5:2. We find that 95% of
the time-weighted 5:2 amplitudes are above 108 degrees,
in strong disagreement with the low-amplitude librators
(and absence of high-amplitude librators) reported. The
Canada France Ecliptic Plane Survey (Petit et al. 2011)
also reported libration amplitudes for their five 5:2 de-
tections; these best-fit amplitudes were all below 100◦
(Gladman et al. 2012), further strengthening the case
that stuck objects are not a significant contribution to
the observed 5:2 population. (The cumulative distribu-
tion for all p:2 resonances is provided in Figure 13 for
reference: 95% of the time-weighted p:2 amplitudes are
above 80 degrees.) We note that while there is a mild
trend toward lower libration amplitudes at longer stick
times, it is not strong enough to shift the amplitude dis-
tributions low enough to match the observational con-
straints when extrapolated to the full 4 Gyr lifetime of
the solar system. We conclude that it is unlikely to have
more than a few objects in 5:2 with libration amplitudes
as low as indicated by the observations unless the objects
have been stuck for considerably longer than 1 Gyr.
5. SUMMARY
We simulate the population of TNOs drawn from the
current scattering population that are transiently stuck
into mean motion resonances with Neptune. At a given
snapshot in time for this pseudo-steady-state popula-
tion in the region 30 < a < 100 au, we find that about
40% of all scattering+transiently stuck objects are tran-
siently stuck in mean motion resonance, suggesting that
the scattered disk and transiently-stuck resonant objects
are best considered a single population (with the same
distribution of physical characteristics).
We measure the fraction of the transient+sticking
population in each resonance with 1/6 ≤ q/p < 1,
p < 40, and q < 20. We confirm several results re-
ported in Lykawka & Mukai (2007): the importance of
transient sticking in p:q resonances decreases with in-
creasing q (i.e. objects preferentially stick to p:1 reso-
nances, then p:2 resonances, etc.); the number of objects
stuck at a given time is larger for resonances at larger
semimajor axes; and the transiently-stuck populations
are dominated by large libration amplitudes. We ad-
ditionally find that the transiently-stuck population of
a resonance scales with both the population of scatter-
ing objects from which sticks are drawn and with the
resonant libration period. The number of objects in-
creases with semi-major axis, set by the orbital random
walk of the scattering population. On average, stick
timescales appear to scale approximately with libration
period, generating the strong dependence on q. This
behavior likely results from some parts of the libration
cycle having weaker stability to perturbations than oth-
ers.
We translate our results into predictions of the total
transient-sticking population with Hr < 8.66 based on a
population estimate for the actively scattering popula-
tion from Lawler et al. (2018). We emphasize that these
results refer only to sticks from the current scattering
population and do not account for potential long-lived
survivors of transient sticking during the early lifetime
of the solar system, when the properties of the scatter-
ing population may have been different. We predict that
there should be ∼ 7400 transiently resonant objects in
this magnitude range from 30 < a < 100 au. Table 3
lists our predictions for all of the individual resonances
identified in our simulations. The number of objects in
the 3:2, 2:1, and 5:2 resonances inferred from observa-
tional constraints is larger than our transient sticking
prediction, indicating that the majority of the objects
in these resonances were likely emplaced in a different
way. For the 3:2 and 2:1 resonances, this is not surpris-
ing since standard dynamical models of the outer solar
system emplace large populations of objects by other
dynamical processes (e.g., Hahn & Malhotra 2005; Lev-
ison et al. 2008). For the 5:2, however, these models do
not predict a large population, suggesting that current
transient sticking is not a viable explanation for its large
observed population.
We examined the libration amplitude distribution for
our simulated stuck population, because libration am-
plitudes might provide another way to distinguish stuck
objects from those emplaced by other dynamical mech-
anisms. Considering a snapshot in time for p:1 reso-
nances, we find that most stuck objects are symmet-
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ric librators with libration amplitudes larger than 150◦;
∼ 22% of the predicted p:1 population are asymmetric
librators with amplitudes less than 90◦. When averaged
together, q 6= 1 resonances also prefer high-amplitude li-
brators, but the preference is not as severe. The peak in
the libration amplitude distribution ranges from about
120-160◦, and the range of amplitudes encompassing the
middle 68.3% is 82-146◦. For lower values of q, these dis-
tributions skew to higher amplitudes (c.f. Figures 8 and
9). The libration amplitude distributions provide an
additional check of the mismatch between the observed
5:2 population and our transient sticking model. Specif-
ically, we find that 95% of the amplitudes of transiently-
stuck 5:2 objects exceed 108◦. Since three of the four
5:2 objects reported from the first quarter of the Outer
Solar System Origins Survey and all five reported 5:2
objects from the Canada France Ecliptic Plane Survey
have libration amplitudes lower than this value (Glad-
man et al. 2012; Volk et al. 2016), the distribution of
observed libration amplitudes in the 5:2 is likely incon-
sistent with transient sticking.
In the future, our results can be used to compare with
well-characterized surveys such as OSSOS to constrain
the transient-sticking component of TNO populations
in mean motion resonance with Neptune. Libration am-
plitudes provide a useful dynamical tracer of this pop-
ulation, which in conjunction with physical properties
consistent with those of the scattering population, may
be used to identify transient interlopers even in reso-
nances dominated by other emplacement mechanisms.
Our initial comparison is already quite interesting: the
distant 5:2 population has a large population that ap-
pears inconsistent—both in number and in libration am-
plitude distribution—with sole emplacement by tran-
sient sticking from the current scattered disk. Models of
dynamical sculpting of the outer solar system will need
to account for this 5:2 population in another way. In
other words, we find that a large fraction of the 5:2 res-
onant population must have been emplaced early in the
life of the solar system.
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